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An Aerodynamic Theory Based on Time-Domain Aeroacoustics

Lyle N. Long*
Lockheed-California Company, Burbank, California

The aerodynamics of propellers and rotors is especially complicated because of the highly three-dimensional
and compressible nature of the flowfield. However, when linearized theory is applicable, the problem is gov-
erned by the wave equation, and a numerically efficient integral formulation can be derived. This reduces the
problem from one in space to one over a surface. Many such formulations exist in the aeroacoustics literature,
but these become singular integral equations if one naively tries to use them to predict surface pressures, i.e., for
aerodynamics. The present paper illustrates how one must interpret these equations in order to obtain nonam-
biguous results. After the regularized form of the integral equation is derived, a method for solving it numeri-
cally is described. Numerical results are compared to experimental results for ellipsoids, wings, and rotors, in-

cluding effects due to lift.

Nomenclature

c =speed of sound

¢ =pressure coefficient P/ (p,V?/2)

f(x,0) =description of body surface

f.(%,t) =e region of body surface

H(f) =Heaviside function

=regular kernel

=singular kernel

=Mach number

= V-.#i/c, Mach number in normal direction

= ¥-F/c, Mach number in propagation direction

=(dM/d7) -F derivative of Mach number in propaga-
tion direction

=+ M? — M?, Mach number in tangential direction

=unit normal vector

=perturbation pressure

= |Fl

=x—y(71) =vector distance between source and
observer

=r/r

=radial distance on body surface

=expression is evaluated at retarded time, 7=¢—r/c

=time

=p-F, surface velocity in propagation direction

=normal velocity of body

=velocity of body

=location of observer (stationary)

=location of observation point, X, when it is on the
body at time £=0

=y () =location of source (in motion)

NI-M

=N1-M?

=NT=M?

=angle on surface in e region

=distance of source from body in normal direction

= Dirac delta function

=size of hole removed from integral

=arccos (A-F)

= perturbation density

=t—r/c=retarded time

=angle used in € region
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w =angular velocity of body
Q, =(@XA)F

Introduction

HE present study was originally motivated by a need for

effective noise prediction methods for moving bodies,
especially rotating blades. There are several formulations for
the noise due to moving bodies,! but they all require detailed
surface pressure data. This is because the governing partial
differential equations and boundary conditions are usually
reduced to integral formulations using Green’s function.

The present work will show that the surface pressure, or
aerodynamics, can be calculated from the same integral for-
mulations that govern the acoustics. Although in this case,
instead of having an integral representation, one obtains an in-
tegral equation; specifically it will be a singular, inhomo-
geneous Fredholm integral equation of the second kind.

The key word is singular. Without this complication, there
would be few difficulties. This is because singular integral
equations are ambiguous unless interpreted properly. This in-
terpretation forms much of this paper. In fact, the main result
of the present work was to derive the form of the equation on
the surface and to solve it using a time-domain panel method
for several different bodies.

Using the acoustic analogy approach implies that he
pressure (or density) will be the dependent variable. A major
advantage in using this formulation as opposed to using the
velocity potential is that there is no need to integrate over the
wake. Since the pressure, unlike the velocity potential, is con-
tinuous across the wake, there will be no integrals over the sur-
face of the wake.

It is well known that linearized acoustics and linearized
compressibiz aerodynamics are one and the same. They both
derive fron: a small perturbation of the continuity and Euler
equations, which can be combined to give the wave equation.
Generally, acoustics is concerned with the signal after it has
radiated from the body. Aerodynamics is concerned with
determining the forces on the body. In the current work both
effects will be shown to originate from the same phenomenon.
Just as one can find the pressure on a vibrating piston using
the Kirchhoff-Helmholtz equation,? the pressure on any thin
or slender body can be determined using Farassat’s equation.

Linearized compressible aerodynamics is governed by the
wave equation, for steady, rectilinear motion the problem is
known to be simplified considerably. Using the Prandtl-
Glauert transformation the wave equation can be transformed
into the Laplace equation, allowing one to use the well-known
and powerful methods of potential theory. For finite bodies
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undergoing complicated motions such as spinning, vibrating,
and translating, the problem is not so simple. One has no
alternative but to solve the wave equation. The method
presented herein represents a solution technique for the wave
equation. Compressibility, three-dimensionality, and com-
plicated motions are treated together in a unified fashion.
Once one becomes accustomed to the notion of four dimen-
sions, the physics become much more understandable.

Compressibility manifests itself via a finite propagation
speed of disturbances. This is exactly how compressibility
effects are accounted for in this work. The time of propa-
gation is calculated. In rectilinear motion this is equivalent to
the Prandtl-Glauert transformation, where the body is
“‘stretched’’ in order to account for the actual distance the
signal travels. Because the body and the signal are moving, the
signal must travel further in order to go from one point on the
body to another. Compressibility will be discussed later in
terms of retarded time, which has also been used by several
authors.>® After the integral equation governing the surface
pressure is derived, the numerical technique used to solve it
will be discussed.

The numerical approach used here can be classified as a
boundary integral equation (BIE) method or panel method.!°
Numerous very effective panel methods exist for steady flow,
notably PANAIR!" and QUADPAN,!? which were developed
by Boeing and Lockheed, respectively. Panel methods have
been very effective for aircraft configurations, but they are
not suitable for rotating blades because they use two-
dimensional or rectilinear compressibility corrections
(Prandtl-Glauert, Gothert, or Karman-Tsien rules'?).

The current work is based on the linearized Ffowcs
Williams-Hawkings (FW-H) equation'*:

o

] ]
25— —_— .
p=— Logv, 1V f16(N)] o [pn; 1Vf16(N] )

where o? signifies the wave operator,

1 9p
OP=F o -vp

Equation (1) represents a combination of the conservation of
mass and momentum equations, plus the boundary condi-
tions. The forcing terms are zero everywhere but on the sur-
face of the body, f=0.

Farassat has derived several different integral representa-
tions of the above equation. Each one is particularly well-
suited to a different application or numerical solution tech-
nique. The one that is most appropriate for the present work is
Eq. (9) of Ref. 5:

1 9 PoCU, +pcos€>
epty L D (ot
mp (%.1) ¢ atdf=0 rll—M,| ret

pcosh )
* Sf:o <r2 11—-M,| retds @

If one knows the surface pressure on a given body this equa-
tion will predict the noise due to that body. The subscript
“‘ret”’ signifies that the expression is to be evaluated at re-
tarded time. This accounts for the fact that the ‘‘source’” at
y(7) (in motion) emits a signal that arrives at the stationary
“‘observer’’ at X a short time after it is emitted. This is unlike
incompressible flow where signals travel with infinite speed.
Therefore, the integration over the body surface, f(x,7) =0, is
not carried out at a single emission time 7, because different
points on the surface have different emission times.
Equation (2) represents the starting point for this paper.
Although it has been effective in predicting noise from bodies

AIAA JOURNAL

in motion, it has not been used to predict surface pressures on
arbitrary bodies, mainly because the integrals become singular
when the observer is on the surface. A mathematical limiting
procedure is required, the details of which are described in the
next section.

Farassat’s Eq. (2) is an integrodifferential equation. Taking
the derivative inside the integral will produce an additional
singular integrand, i.e., one with 1/r? dependence. Since the
main interest here is in the form of the equation on the sur-
face, it is important to bring the derivative under the integral
sign. This will illuminate the singular term and allow it to be
regularized. This has been done by Farassat!> and Long!6:

4rp(x,t) = Sf_o Kg(x,t;y,7)dS+ gf—o K (x,t;y,7)dS  (3)

where

K= {pOCZM,,M, +pQ,(1-M,) +pM,cos€}
k= C}'(I——M,)‘? ret

KS
B {pacZMn (M, —M?) +p[ (I—M?)cosd — (1 —M,)M,] }
B r?(1-M,)’

Analysis
Singular Integrals and Boundary Solutions

Singular integrals are very common in mathematical
physics, especially aerodynamics, because of the frequent use
of the Green’s function technique. Whenever one desires sur-
face information from such a method, singular integrals may
arise. Usually, however, these integrals are special cases of
regular integrals, and their proper interpretation can be in-
ferred from the physics.

The proper way to interpret singular integrals is through a
limiting process.'®?® In the acoustic formulations, one must
assume the observer goes to the surface in the limit. However,
this limit must be taken after integrating over the surface,
which presents a problem for complicated integrals such as are
present here.

Integral Equation Valid on Body Surface

In this section a procedure equivalent to Mangler’s?° will be
applied to Farassat’s equation in order to obtain an equation
valid on the surface of the body. It will be semiconvergent and
the form of the “‘extra’’ term that comes from the e region will
depend upon the size and shape of the e region just as for the
downwash integral of the Cauchy principal value. ¢

The first step in interpreting Eq. (3) is to divide the region of
integration into two parts—one that includes the singularity
and one that does not. In the case of the downwash integral
this was done by breaking the £ axis into three different
parts.!¢ Farassat’s equation is an integral over a surface, so
the surface will be divided into two parts. One part will be over
the original body surface with a small hole around the

n

Body
e-Region surf?if:
f =0 f=

Fig. 1 € region of arbitrary body.
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singularity removed; the other part will be the surface of the
hole itself. See Fig. 1.

The combination of these two regions is the original surface
f(%,t) =0. Thus, Eq. (3) is written

4mp(x,1) = Sf , Kr(xtiy,1)dS+ &_o Ks(x, t;y,7)dS

+ S K, (x,t;y,7)dS C))
f=0

where f indicates that a specific hole has been removed and f,
is the surface of the hole. Note that it is not necessary to break
up the region of integration in the regular integral K.

The first two integrals above will produce no difficulties
numerically since they are both convergent. By definition,
neither of them contains a singularity. The third integral is dif-
ficult to calculate numerically. The proper way to obtain its
form, at X,, is via a mathematical limiting process where the
observer is located at X a distance of & above the surface.
Then, after integrating, the limit as §—0 is performed. (See
Fig. 1.) This is analogous to taking the limit as y—0 in the
downwash integral. Note that for convenience X is taken to be
along the normal to the surface at x,. Mathematically one can
write the procedure as

p(x())t) th p(x)t)
6-—~0

Hence the above integral equation becomes

drp(xy,t) = Sf_o K, (x),t;y,7)dS + &_0 Kg(xy,5;y,7)dS

+lim S Kg(x,t;y,7)dS )
5—0 JSe=0

The first two integrals are obtained by simply replacing £ by %,
(setting 6=0). This is valid since they are convergent, but it is
not possible in the third integral. One has no alternative but to
perform that integration first and then take the limit—other-
wise the integral is divergent. The problem with this is that this
integral is too complicated to allow analytic evaluation for
most bodies of interest, especially since the integrand K con-
tains the unknown pressure P. One would have to solve the en-
tire integral equation and then take the limit as 6—0. This
would give an analytic expression for the surface pressure.

By assuming that the size of the hole or e region is small, one
can approximate the region as planar. In addition, the
pressure can be expanded in a Taylor series about the point X,
which is equivalent to assuming it is constant over the e region.
Using these approximations one can then calculate the third
integral in Eq. (5) analytically and obtain an estimate of the er-
ror involved. The remainder of this section will be devoted to
obtaining the appropriate analytic expression for the third in-
tegral in Eq. (5).

In order to perform this integration over a small square-
planar panel, one must first write the integrand K in terms of
surface coordinates. Figure 2 is an enlarged view of the ¢
region shown in Fig. 1. It shows the panel at two different
times. The time 7 is the reception time and 7 is the emission
time. Thus, a signal emitted from the surface point y(7) at
time 7 is received at the (stationary) observer point ¥ at time ¢.
The § on this figure is the same 8 that was used on Fig. 1. The
upper plane is the position of the panel at time ¢, the time
when the observer receives the signal from y(7). The lower
plane is the position of the panel when the signal was emitted.
The angle between the surface normal 7 and the radiation
direction 7 is called . For convenience, the coordinate system
(fixed to the panel) is aligned so that the panel velocity vector
is in the y-z plane. The angle between the velocity and the z
axis is defined as .
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As mentioned earlier, the observation point X is always sta-
tionary. Therefore, when one speaks of the observation point
being ‘‘on’’ the surface, one must specify at what time this oc-
curs. In Fig. 2, notice that the position ¥ will go to x,(¢) when
6—0. This surface point X, is, of course, moving, but when the
time equals 7 it is a distance 6 away from X in the direction of
the normal. This means 1¥—x,(¢)!=4.

Figure 2 is useful because many of the quantities on it are
known. For example, it is known that r=c(f—7) since the
distance a signal travels is simply the speed multiplied by the
time of propagation. In addition, the distance the panel moves
in this time period is 1x,(7) —%,(¢) |, which is v(z—7). This
means rM=v(t—7).

The purpose of this section is to integrate K over the area
of this arbitrary panel. By assuming a planar panel, one can
simplify K considerably. For example, it is obvious that

cosd=M, +6/r

where M, =v-A/c. This means Eq. (5) can be written as

smn=| g
ap{(xy,t) oo rdS+ f=0KSdS

—€ —€

< e [ M-M
+M, (p,c% +p)li S S [-h’ ]
n{poc +PYI EIVETATE e

. € € ‘32 )
+p lim S S [w]retdyIdyZ'f‘O(é) (6)

6—0 —€ J €

where P and ¢ have been expanded in a Taylor series about
y= Xp-

All that is required now in order to integrate the above is to
write the integrands in the last two integrals in terms of y; and
Y. This is relatively easy to do using the geometry shown in
Fig. 2. The propagation vector 7 can be written in terms of its
components in the local coordinate system shown in Fig. 2.

F= (Rsiny,rM,— Rcosvy,6 +rM,,) @)

Therefore the magnitude of |7/l =r is governed by
B2r? + 2(RM,cosy—~06M,)r—R?—82 =0

where 32=1—-M? and M?> =M. + M?.

Time = t

=

Mt = M sin¢g

Intersection of collapsing sphere
and body: f = 0 {all signys from
here arrive at gbserver, X, at
same time)

Fig. 2 Geometry near singularity in retarded time.
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Using the quadratic formula gives

B2r= (6M, —RMcosy) +~ (8M,, — RM,cosy)? + 87 (R? +6%)

1))

This can be written in a simpler form by taking the scalar_

product of the Mach number vector M=(0,M,,M,) and r
[Eq. (M)] to get

rM, = M?r— RM cosy+6M, )

Now Egs. (8) and (9) can be combined to give

r(1—M,)=B2R? + R2MZcos?y — 2RM,5M,,cosy + 328°
where
B =1-M;

Changing to Cartesian coordinates, where R?=y?+ y} and
Rcosy =y, gives

r(1-M,) =By} +B2y;—2M M, by, +8;8  (10)
This is now in a form that will allow the analytic integration of
Eq. (6). It remains to write M, —M? in terms of y, and y,. This
can be obtained from Eq. (9) in the form

M, —M? — (3M,—y,M,) /r (11)

Using Egs. (10) and (11) in Eq. (6) gives, after simplifying,

drp(xp,t) = Sf:o KpdS+ &:0 KsdS+ (pov7 +BZp)

. € (e édy,dy,
X lim 2 2521372
6~0 J-e J—c (B y1+6ny2 26M,M,y, + B;6%)

_Mth (po(,‘2 +p)

< lim SE SE Y dydy,
5—0 ¥ —¢ J—¢ (32_}11-!*6”}’2 26M,,M,y2+6362)3/2

+0(e)

i i ——
1.00 e —
L 5
=
]
[
b
L 50—
) — EXPERIMERTAL
o
" O PRESENT METHOD
a
>
7
9 25—
o
o
a
O
0= fo o
-.05 ! | | | J
0 .2 4 .6 .8 1.0

Z/.5L, DISTANCE ALONG RXES

Fig. 3 Pressure distribution on 5% thick ellipsoid.
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where r(1 — M,) is given by Eq. (10). These can be integrated
using transformations of the form

n= BnyZ Mth5 gzﬁﬁnyl

which is described in detail in Ref. 16. The final result is:

4np (Xp,t) = szo Kpds+ &:o KdS

on, [ M2
tan~/ | | ==
52 —(pgV2 + D) lm; { B, | an 5

_ 6"1 _I[I N Bn ]}
o, 12 LS [T,
', +88,¢ ]

=

2M .M,

T 2 (pgC? +p) llm {Ih[ T 7 86.c
N TN

where
T, = +B°Bse” + 5767
T, =Vni+B°B2e? + 3287

7’1=~6£€_MnM16s ﬂz=ﬁf.€*Mth5, £2=66n5

Notice that, for incompressible flow, this is similar to Eq.
(5-82) of Ref. 21. Taking the limit, Eq. (12) becomes simply

I
4 (1 ——ﬁ>p(xo,t) = szo KedS+ &:0 KdS

27FP0U (x,1)

V] 13
& +0(e) 3)

The above equation represents the governing equa-
tion—amenable now to numerical techniques—for the
pressure on a body in compressible, subsonic motion. The
theory is linearized so that it is expected to be more and more
accurate for thin or slender bodies, which includes most
bodies of aerodynamic interest. Note that Eq. (13) is appli-
cable to the outside of the body. The coefficients are slightly
different in the equation governing the pressure inside the
body, as described in Ref. 16.

Lifting Bodies

Determining the surface pressure on lifting bodies is, of
course, much more difficult than on nonlifting bodies because
lift is an inherently viscous effect. To approximate viscous ef-
fects using an inviscid theory, one must obviously use not only
physics but experimental results in order to extend the theory.

The linearized, inviscid equations used herein neglect
several important features of the actual flow. First, the flow is
assumed to slip over the body, which means that no tangential
velocity boundary condition is prescribed. This immediately
leads to a question of uniqueness, for there are an infinite
number of velocity fields that satisfy the normal velocity
boundary condition. The Kutta or trailing edge condition is
usually used to determine which of these velocity fields is ap-
propriate, since it is known that viscosity will prevent the flow
from turning the sharp angle at the trailing edge.

Another difficulty in using the FW-H equation to predict
lift is that there is no built-in mechanism to generate lift. The
circulation is assumed to be zero. The well-known panel
methods distribute vortices or doublets on or inside the body,
where their strengths are determined by satisfying a Kutta con-



JUNE 1985

dition. These simply provide a means of altering the onset
flow. Instead of having only uniform mean flow, these pro-
vide a circulatory contribution to the onset flow also. Of
course, one must still satisfy the normal velocity boundary
condition. Using the FW-H equation with stagnation flow in-
side the body means there is no simple way to include vortic-
ity. However, there is a way to condition the final system of
linear equations and obtain the effects due to lift. This will be
accomplished without using the concept of vortices distributed
on the body, More detailed discussions of the lifting problem
are contained in Ref. 22.

In order to fully understand the technique used to condition
the equations, one must consider what the flowfield is really
like around a lifting airfoil. A major difference between a lift-
ing and nonlifting airfoil is the location of the leading edge
stagnation point. Conversely, the Kutta condition teils us that
the trailing edge stagnation point is in the same location for
lifting and nonlifting airfoils. All of this means that the trail-
ing edge experiences essentially the same flow whether the
body is at an angle of attack or not. This is basically what van
Holten® implies when he advocates placing only the leading
edge at an angle of attack. He uses the acceleration potential
and finds that using this ‘‘variable-geometry’> concept forces
his inviscid results into close agreement with real lifting flows.
Apparently, these ideas can be traced back to Lanchester.

However, van Holten’s suggestion is not quite as practical
as the means of applying the Kutta condition used herein.
Reference 16 describes this technique and presents a simple ex-
ample of its use. Basically, when using the pressure or
acceleration-potential method one must set the pressure equal
on the upper and lower surfaces of the trailing edge. This can
be done quite easily by conditioning the forcing terms in the
final system of algebraic equations. This conditioning just
means replacing the terms corresponding to the panels on the
upper and lower surface at the trailing edge by the average of
the two values. This effectively forces the flow to be sym-
metric over the aft portion of the airfoil, with the stagnation
point at the trailing edge.

Computational Method

Since the purpose of the numerical procedure in the present
work was to verify the feasibility of the method and not to
develop a production computer program, it seemed ap-
propriate to solve the equation directly rather than to in-
troduce additional complications. Therefore, the computer
program that was developed simply uses Legendre-Gaussian
quadrature. Of course, more efficient or sophisticated
methods may be developed later on.

In order to improve efficiency, the computer program
calculates the number of nodes to use for each integration.
When the observer and source panels are very close together,
the integrand varies rapidly, which means a large number of
quadrature points are required. Conversely, when the source
and observer panels are far apart just a few points may be re-
quired. The program currently uses between 1 and 64
quadrature points for each integration. A more detailed
description of how the number of points is determined is given
in Ref. 16. The program also calculates the retarded-time
distance between the source and the observer, which is gov-
erned by a simple transcendental equation. A Newton-
Raphson technique is used to determine this distance.!6

Results

This section presents numerical results for several different
types of bodies in various combinations of rectilinear and
angular motion. Using the computer program described in the
previous section, the surface pressure was calculated for pro-
late ellipsoids, wings, and rotating blades. These different
types of bodies were used to illustrate the generality of the
method.
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Prolate Ellipsoids

A prolate ellipsoid with a fineness ratio of 0.05 was modeled
in low-speed motion. This was chosen because of the
availability of theoretical (incompressible) and experimental
results with which to compare.?? The elipsoid was modeled
using 264 panels.

The numerical and experimental results are also compared
in Fig. 3, which is a grapl: of pressure coefficient vs axial
distance. The solid line represents experimental results,? and
the symbols represent the current results. Agreement is
generally good, except near the stagnation point where one of
the points is off the scale, but this is expected because of the
use of linearized theory.
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Near the ends of the ellipsoid the flow is essentially that for
a blunt body. Linearized theory is usually valid to within a few
percent of the chord from the leading edge.?! For more de-
tailed descriptions of the flow near the stagnation point one
could use the methods of Van Dyke?* or include the
quadrupole terms in the present formulation—which includes
the nonlinear terms. Neither of these would be trivial to incor-
porate into the current scheme. Reference 16 presents similar
results for thicker ellipsoids.

Finite Wing

The next example is that of a finite wing with an NACA
0008 cross section and an aspect ratio of 5. There were 242
panels with no special precautions taken near the tip. In fact,
the tips are not paneled at all—they are actually open. In-
cluding these panels had an insignificant effect on the panels
away from the tips. And since this section will be comparing
numerical results to two-dimensional section airfoil theory,
only results from the center of this finite wing will be shown.

The numerical results are presented in Fig. 4. Also shown
are two-dimensional potential theory results (incompress-
ible).” The numerical results were obtained for Mach
numbers of 0.01 and 0.6, and compare very well with the
theoretical results. Correcting the two-dimensional incom-
pressible results using the Prandtl-Glauert rule would produce
a curve slightly above the M =0.6 data points. The finite as-
pect ratio may account for the numerical results being slightly
lower than the theoretical.

Helicopter Rotor Blade

In this section numerical results are presented for a rotating
NACA 0012 blade. This airfoil section is common in
helicopter applications. The results will be compared to the ex-
periments of Gray.?® The blade was approximated by 264
finite panels. Panel sizes were decreased smoothly from root
to tip. Blade length was 6.5 chord lengths. Tip Mach number
was 0.25 and there was zero angle of attack.

Figs. 5-7 compare the variation in the pressure coefficient
along the chord for three spanwise locations: 94, 98, and
99.5%. The solid line represents two-dimensional airfoil
theory. The circular symbols are experimental results?S and
the squares are the present numerical calculations. These
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results indicate good agreement with experiment. Notice how
close to the two-dimensional theory the results are at the 94%
span location. The three-dimensional effects are obvious as
one moves closer to the tip. Of course at the leading edge the
well-known square-root singularity appears.

Figures 8-10 present similar results for the blade at an angle
of attack. Using the concepts discussed earlier allows the
calculation of surface pressures on lifting bodies. As described
there, the inhomogeneous terms of the system of algebraic
equations must be ‘‘conditioned.”” This conditioning consists
of replacing the inhomogeneous terms (for the panels on the
upper and lower surfaces at the trailing edge) by the average of
the two values. This must be done for all panels from the trail-
ing edge to the thickest part of the cross section.
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Fig. 9 Pressure distribution on an NACA 0012 rotor at 98% span,
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Fig. 10 Pressure distribution on an NACA 0012 rotor at 99.5%
span, a=6.18 deg, M ;p =0.25.

Conclusion

This paper describes a method for calculating the surface
pressure on arbitrary bodies in compressible flow. It is based
on the acoustic analogy approach of Ffowcs Williams and
Hawkings, and an equation due to Farassat. Its major con-
tributions have been in interpreting Farassat’s equation when
the observation point is located on the surface of the body and
in solving the resulting equation numerically.

Since Farassat’s equation is based on linearized, inviscid
theory, the method presented here will of course have its
limitations. These have been pointed out whenever possible in
the text. For bodies moving in rectilinear motion there may be
more appropriate theories to use, since one is then able to in-
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clude some of the nonlinear effects relatively easily. On the
contrary, for bodies such as propellers and helicopter rotors
the present results are very encouraging because of the extreme
complexity of the problem. The method is based on first prin-
ciples and is relatively easy to comprehend, yet it provides an
inexpensive way to obtain very useful information. In addi-
tion, because the Ffowcs Williams-Hawkings equation does
contain viscous and nonlinear terms, there is hope for in-
cluding these effects in the future.

The method described herein contains several ideas that are
somewhat novel to aerodynamic theory. First, compressibility
is accounted for exactly as it occurs in nature—in terms of
retarded time. Compressibility manifests itself as a finite speed
of propagation of disturbances, and in the current theory the
distance the signal actually travels is calculated.
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